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Abstract: The focus of this contribution is on the construction of asfarmation
system for Multiagent Systems (MAS) based on categoricabng. Based on for-
mer work on the categorical modeling of MAS the categlf$S of all Multiagent
Systems is introduced. A transformation system over thiegoay is established
using the Double Pushout Approach. For illustration we gmés simple example.
First steps of implementational work are described.
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1 Introduction

In recent work a generic categorical model for MAS has betnduced leading to the category
MAS (cf. [Pfa03 for a first step). In that category the objects are agentsawbus types and the
morphisms represent all kinds of relations between thetagese call it general communication
and cooperation arrows. This general communication angaration structure is represented
by a corresponding arrow diagram, called Base Diagram of &SMA

Of basic importance for our work is the observation that yarow diagram (i.e. directed
graph, possibly with labels on the arrows) can be interdratea category named PATH - c.f.
[Pfa94 - morphisms are sequences (paths) of arrows. This viewjerads to a general categor-
ical semantics for relational structures. Vice versa, geategory is a graphical structure (with
nodes and arrows). We point out that the identity morphisamsaiways be assumed to exist,
artificially.

The very idea of MAS is to solve problems decentralized bgmomnous actors (the agents),
this leads to a wide field of applications which resort to MA&SHniques. Until now there is
no general, unique definition of agent and Multiagent Systéra are convinced that there is a
strong need for a formalization of MAS. It is our goal to degeh toolbox for MAS modeling
using categorical notions. Typical characteristics of fidglent Systems can be summarized
by the following statement: Each agent has only local infation and a limited "sphere of
influence”, there is no global system control, informatisnavailable only in a decentralized
manner and the processes are asynchronbdos(.

A Multiagent System can be modeled with categorical notiopsyped categories which
we introduce in this paper. The objects are the agents antypleel morphisms represent the
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relations between the agents. To each MAS we associate &g@ml which represents the
complete relational structure (i.e. communication in teaeyal sense). The nodes of this arrow
diagram represent agents, the arrows (and paths of arroev)@morphisms of this category.

A MAS is a dynamical system which means that relations batvaggents can change. This
fact gives rise to the definition of the categ®fAS of all MAS where the objects are Multiagent
Systems and the morphisms are MAS-Morphisms. Based oratagaryMAS a transformation
system for Multiagent Systems is introduced by applyingdible pushout approact=PS73
EEPTO0§) to Multiagent Systems. We introduce it with the aim to depea generic method
for the formal manipulation of a Base Diagram of a MAS. Thisvretivity has links to the
extensive work of H. Ehrig and his group.

2 Some Introductory Notions and Notation

Category Theory (CAT) is a general, unifying mathematicatleling language providing many
universal construction principles. In the sequel we regeate basic definitions for the conve-
nience of the reader, for more details we refer to the liteeatc.f. e.g. [an98 Gol84, AHS9(.

2.1 Some basic Categorical Notions

Definition 1 A categoryC consists of a class of objects denoted®¥,C,... ¢ Obj(C). For
each pair of objectd, B there is a set of morphismbjor(A,B), also denoted b (A, B) (the
"arrows” between A and B)C(A1,B;) andC(Ay,By) are disjoint unles#\; = A, andB; = B;.
(Note thatMor(A, B) can be empty). There are two operations assigning to €aelrow f a
C -objectdom( f) and aC -objectcodon(f). If f e Mor(A,B) thenA=dom(f) and

f
B =codon{f) and we display this aé: A— B or A— B. There is a composition operation on
morphisms: iff : A— B andg: B — C are morphisms, then there is a morphigmf : A— C, the
composition off andg. In a category the following axioms have to hold.

» The composition of morphisms is associative, that is forphemsf:A—-B,g:B—-C
andh:C— D it holds: ho(go f) = (hog)o f.

* For every objecA e Obj(C) there is the identity morphisida with the propertied oida =
f andidgo f = f forall f: A— B.

“Popular” Examples of categories arSET the category of sets and set mappinGROUP
the category of groups and group homomorphishi@P,etc... “Special ” examples are: Partially
ordered sefM, <), generally an arrow diagraX can be interpreted as a category with the nodes
as objects and the sequences (paths) of arrBfeDf as morphisms.

Definition 2 Let X andY denote two categories. Then a funckor X — Y assigns to every
objectAe Obj(X) an object-(A) e Obj(Y) and to every morphisnfi: A— B in X a morphism
F(f):F(A) - F(B) inY such that the following holds for morphisnis A— B, g: B— C and
ida in X
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(1) F(gof)=F(g)oF(f)
(2) F(ida) =idr ()

Definition 3 Such a functor is called covariant. A functor is called cawriant if it reverses
arrows.

Remarkl A categonC is said to be small if its class of obje¢®bj(C)) is a set. The category
of all small categories denoted Bat , has small categories as objects and{oY € Obj(Cat)
Mor(X,Y) consists of the functors frolk toY .

Definition 4 The diagram (1) is called a pushout (or fibred coproduct) ijiiat commutes
(i.e.d'o f = f og) and for any commuting square (i@’ o f = " og) of the form (2) there exists
a unique morphisrk: D — D’ such that the diagram (3) commutes (g€=kog andf” = ko f).

f f
—B A——B A—

A B
gl @ |g gl @) lg" g ® lg'
C—~D Y c—=D V\

fII fI
\\k
fII
D/

As an example of a pushout situation we consider two morphisnthe categonsSET f :
A—Bandg: A—C, a pushout irfSET is obtained by forming the disjoint unidd;C and then
identifying f(x) with g(x) for all x € A.

2.2 The category PATH(X): Categorical Semantics for Relabns

Let Rc X x X denote a general relation. One can create the correspoadiog diagram by
drawing an arrow fronx to y (x,y € X) whenever(x,y) ¢ R. We associate with it the category
denoted by PATH(X,R), PATH(X) or just PATH. The objects ahe telementsce X and the
morphisms are all sequences (paths) of adjacent arrows.néurally defines aomposition of
arrows

Recall that there is a morphism— vy, iff xRy In general, for arrows -y andy — z, we do
not have a “direct arrowX — z (the relation can be not transitive) - this causes no problm
can always form a sequence (path) of consecutive arrovess fiky — z. This is a morphism of a
more general type betweerandz. More generally, we can have (finite) sequences, for example
Xo = X1 — ... = Xp (& path), this is a morphism in Mo, x,) in the new sense of our definition.
It can also be interpreted as the composition of other merpsibeing represented by adjacent
parts of the long sequence.

Thus, PATH becomes a category. The existence of the idestityw for each object will
always be assumed by definition, we interpret the identitgves as sequences of length zero.

An arbitrary binary relatiorR on X induces a corresponding arrow diagr@m*“visualizing”
the given relations between objects by corresponding arrdice versa, a given arrow diagram
D induces (or defines) a corresponding binary relaRam the set of elements (nodes)bin the
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obvious, natural way, i.e. a specific arrow— y in D definesxRy This leads to a categorical
semantics for general relational structures. For moreildetee refer to PATH(X) in Pfa94.
Summarizing we point out that every arrow diagram can bepné¢ed as a category - this aspect
is of basic importance.

3 Categorical Modeling of MAS

In [Pfa0] a first formulation of the idea is given. The general commation and cooperation
structure of a MAS is represented by a corresponding arragrdim, called Base Diagram of the
MAS. Based on the categorical modeling of relations via PBTR) a natural description of the
Base Diagram of a MAS in categorical notions arises. Theigle&adefine a category with typed
objects representing the agents (having individual pta@mrand to define types of morphisms
covering the relational structures between agents - imjudsual communication. We will
speak of ‘general communication’ arrows comprising alldsirof relations among agents. This
means that in the corresponding arrow diagrams (Base Dregjpa that visualize the MAS there
can be more than one arrow between agents (directed mphigra

Remark2 This is an external (global) modeling of MAS. The modelingpagach focuses on
general structures not on the internal (technical) modeadinmplementation of specific agents.

3.1 The Base Diagram of a MAS

Of basic importance for our subsequent considerationsei®kiservation that every arrow di-
agram can be interpreted as a category where the nodes aobjdws and every sequence
of consecutive arrows, i.e. every path of arrows (not onlyngle arrow) in the diagram is a
morphism. It leads to an associated category PATH, as prslyiaiscussed. This categorical
interpretation is very useful and has a broad spectrum afreta applications, in particular for
establishing a categorical semantics for general relatisinuctures.

We recall that in our categorical definition of a MAS objects the agents and morphisms
(arrows) are all kinds of relations (of specific types) baetweagents. This includes “classical
agent communication” like KQML (see-]WW*93)) , KIF (see [GFB92), etc., and specific
comparisons - agent to agent - concerning strength, powpsghility, skills, availability, etc.,
each one represented by a corresponding arrow of specific(itypan be interpreted as a rela-
tion). In a very general way, this models the Communicatittac®ure of the MAS - every arrow
represents a particular type of general communication -pgalsof “communication arrows”.

This categorical structure model is of general nature andiges a formal basis to apply ex-
isting and new approaches from other areas with the obgetdiestablish a detailed and concise
structure description and system classification of the MABinteresting and basic topic of fu-
ture work, extending these aspects, deals with a corregmpifithered structure (fibering, fiber
bundle) associated with a given MAS where the base spacecbfas¥AS-fibering is the Base
Diagram of the MAS. A local fiber is attached to every agentesenting all relevant data and
information items characterizing the agent. This approeitiibe a generalization of the concept
of Logical Fiberings - systems of distributed logics foritmg modeling in MAS Pfa0g [Pfa9].

We can observe that a Base Diagram is a network in the sertsavtrgt arrow (directed edge)
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has a type, i.e. an abstract weight in the sense of a generdlims motivates to consider notions
from neural network structure modeling that we have intoedli(the category of Geometric
Nets, GeoNet). Among others, it deals with the simplicialciure of a geometric net based on
the notions of simplex and simplex configurations in topglemd noncommutative geometry
[Pfa03.

Summarizing, the communication between agents is modeéetyped morphisms between
agents, specifying corresponditgpmmunication types”. A subgroup of cooperating agents or
a subsystem of a MAS is modeled as a subcategory. A mappingbettwo MAS is described
by the notion of a functor between the two categories.

3.2 Typed Categories

The dependencies in a Multiagent System are only in speasgsccovered by a single rela-
tion. The need for a set of relations arises quickly. Comsadeexamples logical constraints
and specific dependencies concerning agent cooperatiogpaedic order relations as basis for
comparisons (e. g. "winner takes all”, "dominant agentgower criteria”, "skills/qualifica-
tion”) (compare Pfa0qg). Thus in general we need a method to handle more than oaigorel

This leads to typed morphisms and in the sequel to typed a@agsg With typed morphisms
we mean morphisms with additional information attacheddihg the type information. Due
to the type information in typed categories some differsnitem the definition of a classical
category arise.

Definition 5 A typed categoryT consists of a collection of objec®bj(T), a set of ar-
row types denoted bArrTypegT), a set of object types denoted @b jType¢T), a map
77 : Obj(T) — B(ObjType$T)) assigning to each object i®bj(T) a set of object types
whereB3(ObjTypes$T)) denotes the power set of the set of object types, and for egué t
(A,B,t) with A;B € Obj(T) andt € ArrTypegT) a set of T-morphismsMor;(A,B) . We call

f e Mor;(A,B) a typed morphism from A to B and writé: A —¢ B, alsoA —f>t B. We use the
convention that fot,se ArrTypegT) it holds: Mor;(A,B), Mors(A,B) are disjoint sets unless
t=s

The set of all arrows betweeh andB is given by the coprodudticarrrypegt) Mori(A,B) in
SET (i.e. the disjoint union of sets). There is a typewise position operation on morphisms
such that for all object8,B,C < Obj(T) and allt € ArrTypegT) it holds:

If f:A—-¢Bandg:B—;C then there is a unique morphisge f : A - C, the composition of
f andg. This means in our definition of typed category only arrowshaf same type can be
composed.

In a typed category the following axioms have to hold:
» The composition of morphisms is associative, ihe(go f) = (hog)o f.
* For every objecA and arrow type € ArrTypegT) there is the corresponding identity

morphism denoted bigl;a such that for every morphisrhe Mor; (A, B) holds f oidia = f
andidigo f = f.
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If ArrTypegT) is a singleton it follows immediately that behaves like a classical category.
This is the situation if we model a single relation.

Definition 6 Fort e ArrTypegT) the categorys is called a typed subcategory ®fif the
following holds:

* Every S object is aT-object.

» For A< Obj(S) the set of object types i, 15 (A) equals the set of object types(A)
inT.

* For A,B € Obj(S) the set of morphisms from A to B i is a subset of the set df-
morphisms of type t denoted or; (A, B).

S is called a full typed subcategory ofif for all S objects A, B it holds: the set of morphisms
in & from A to B equals the set df-morphisms of type t, denoted bor; (A,B) .

In a typed categoryl it holds: T has|ArrTypegT)| full typed subcategories, with the set
of objects in these subcategories being theGiej(T) such that every of these subcategories
behaves like a category in the classical sense, and vica,\esash collection of categories having
the same collection of objects yields a typed category.

In general a Multiagent System can be modeled as a typedorgtefhe class of objects is
the set of agentX, the object type®1,0,,...,0m € O represent the different properties of the
agents, the arrow typds,...,t, are the identifiers for the different relatioR, ...,R,, and the
morphisms are the paths that arise for each relation in PAW#Ican construct this Multiagent
System Category MAS(X) by taking the collection of all PADHR,) categories which model
the relations and defining the map X — B(0O) that assigns to each agent its set of properties.
In other words for the relation®;,i € {0,1,...,n} PATH(X,R,) together with a suitable map is
a full typed subcategory of the typed category MAS(X).

Remark3 Such a category is a small category for its class of objeadsset namely the set of
agents.

In the following the notion of a typed functor is introduce®lich a typed functdf constitutes
the concept of "map” between typed categories.

Definition 7 Let MAS andMAS; be two typed Categories. A typed functer MAS - MAS
assigns to every objeét € Obj(MAS) an objectF (A) e Obj(MAS)), to every arrow typé e
ArrTypegMAS) an arrow typd-(t) e ArrTypegMAS ), to every object typec ObjType$MAS)
an object typeF (0) € ObjType$MAS)) and to every typed morphisrh: A —; B of type t a
morphismF (f) : F(A) »g«) F(B) such that for morphism$ : A~ B, g: B —¢ C, ida and
AcObj(MAS) it holds:

* F(gof)=F(g)oF(f)
¢ F(ida) =idr (a)
* F(tmas(A)) € tmas (F(A))
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Summarizing, we have a tool to interpret the Base DiagramMA& as a category and we
can establish subcategories and mappings between two atedjodes. Note that the typewise
definition of the composition operation is essential.

We give a simple example with four ageiai®, c, d two object types 1,2, two arrow types that
arise for the binary relationdomi:= {(b,a),(a,c),(d,c)} which models the dominance hier-
archy, anccomm:= {(a,b), (a,c),(c,d)} that models the communication structure, the identity
morphisms (paths of length zero) are not displayed.

-7 b2

P -

,,,,,,, > arrows for domi

— = arrows for comm

Figure 1: Simple Example

Note that agenb has type 1 and 2, i.e. agemhas both properties. The arrow fraato d is
not a "direct arrow but the path (or sequenae} c - d. The arrow fronb to c of type domi is
also no direct arrow but a path of length 2.

For reasons of readability in the sequel only sequencesgpaf length one are displayed.
In particular the identity arrows and the compositions arevisualized in the remainder of this
contribution.

4 The CategoryMAS

Now we introduce the category of all Multiagent SystevidS . The objects oMAS are Mul-
tiagent Systems and the morphisms BfAS morphisms. The previous definition of a MAS is
sufficient for situations with static relations, what we méxy this is that the relations between
the agents remain the same and no agents are added or d®etexttheless there exist many
MAS where dynamics take a great impact on the system i.e. elaians between the agents
change. This is of great importance for practical applcetidescribing realistic scenarios. For
instance take a relation modeling the communication poisigb of the agents. LeA be the set
of agents an@ c Ax Abe a binary relation. Two agerdsb e Aare in relatiorC, i.e. aCb, if agent

a can send messages to agbnfThere are many possibilities why the communication retati
C changes, consider as an example mobility of agents or abs#gragents. What we need is
a transformation system that transforms one MAS into amd##%S, by changing the relations
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between the agents and possibly add or delete agents. Tddo® aodel this in categorical no-
tions we define the category of all MAS where the objects goedycategories representing the
Multiagent Systems in the above sense and the morphism&lafmorphisms i.e. covariant
typed functors between the typed categories.

Remark4 Note that every category can be visualized by a giaphE), whereV the set of
vertices represents the objects &nthe set of edges represents the morphisms. We can visualize
a general relational structure or a typed category as addlggbph, having vertices representing
the elements of a Universg in the case of MAS the agents, and an edge with IRpalhenever

two elements,y € X are in relatiorR;.

A MAS morphismF is a structure preserving map between t@\S objects, having the
property to respect the type information of the arrows armir ttirection as well as the object
types. This is necessary to preserve the relational infoomaf the Multiagent Systems. We
can observe that this is done by covariant typed functors.

Remarks MAS is a category. Its composition operation is given by the aositfon of typed
functors, the identity arrows are the identity functors.

4.1 MAS Morphisms

In the sequel we will discusBIAS Morphisms, which are essentially typed functors. The pur-
pose of this section is to introduddAS Morphisms componentwise and thereby motivate the
implementation of the concept that is based on the catedéily S

Let MAS be aMAS object, this implies that the class of objects of the typaegary MAS
is a set namely the set of agents, as a consequence the classw$ of MAS is a set too.
In the sequel we will denote the set of all arrows within a BBs&gramMAS asArr(MAS).
The set of objects, the set of arrows, the set of object tyibesset of arrow types, the domain
and codomain maps as well as the ntgjas and a map assigning to each arrow an arrow type
Tivas : Arr(MAS) — ArrTypegMAS) allow us to analyze the categoMAS by means of sets
and maps.

Given two Multiagent SystemMAS and MAS a MAS morphismF : MAS — MAS is a
quadrupleF = (Fo,Fa, For,Fat) of maps

Fo:Obj(MAS) -~ Obj(MAS)
Fa:Arr(MAS) - Arr(MAS)
* Fat:ArrTypegMAS) — ArrTypegMAS)

For : ObjTypesMAS) — ObjTypesMAS)
obviously this map induces a méjg; : B(ObjTypesMAS)) — P(ObjTypegsMAS))) assigning
to each subset @b jType$MAS) its image via the corresponding image operator.

Remarké The introduction of sets of object types for each objectiiggend the corresponding
power sets as well as the induced nigp allows to define agents that have a set of properties,
which is important in realistic scenarios.
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This quadruple is &MAS morphism provided, that for the following diagram it holdwat
(1), (2) for domain and (2) for codomain maps are commutadiyeares and for (3) it holds
(because this square is not commutativéA € Obj(MAS) : Fy o Tyag (A) € Tvas © Fo(A).

ArrTypegMAS) Far ArrTypegMAS)

ThAS T 1) Tmas; T
Arr(MAS) i Arr(MAS))
COdOfTMAS,l \LdonMAS' (2) COdOﬂMAsjl ldOFTMAsj
Obj(MAS) Fo Obj(MAS))
| s @ s

T(ObjType$MAS)) — 2~ T5(ObjTypegMAS))

The diagram above visualizeMdAS morphism in the category SET, the left hand side repre-
sents theMIAS objectMAS, the right hand side represents tg\S objectMAS;, and the four
horizontal arrows represent tRAS morphismF = (Fo, Fa, For, FaT).

Remark7 We take a closer look at the MAS semantic for the niagsandky.

Fat is interpreted as a translation map for arrow types, in audit allows to merge relations.
Due to the fact that there are in general no constraints toéqe it can be non-monic this leads
to the possibility to merge relations by mapping differemba types inMAS to a single arrow
type inMAS.

In a similar way we interprefey as a translation map. Important is the fact thiat &S morphism
preserves object types, in the sense that after the appfiaatthe morphism the translated object
types of an agent are at least a subset of the object typee tfthslated agent. This means we
do not "lose” properties.

Consider as an example Figl2evisualizing aMAS morphismF. Note that theMAS arrow
from ato d is mapped to the path— c — d in MAS.

,,,,,,,, arrows for dominance relation

arrows for communication relation

Figure 2: Simple Morphism

9/21 Volume 12 (2008)



On a General Notion of Transformation for Multiagent Systems and its Implementation Ea

4.2 Pushout construction inMAS

Previously we observed thatMMAS morphism as well a®fAS objects can be described via
sets and maps. In category SET there exist pushouts, thiestsgto create pushoutsMAS
componentwise in SET for the objects, the morphisms, thenetypes and the object types.

Letl, JandK beMAS objects and- : 1 - J, G: | - K be MAS morphisms (typed functors),
in this part we show how the pushdRO is constructed. Consider the diagram:

| —K

Fl lF'

J?PO

We construct the pushout componentwise, this leads to the se

Obj(PO), Arr(PO), ArrTypegPO), and a seOb jTypeg¢PO)
together with the corresponding maps in the obvious wayt Wexneed to compute the domain
and codomain magonpo, codonpo as well as the mappo assigning a morphism type to each
morphism. The last step is to generate the power set overbjeetdypesi(ObjTypesPO))
and a magpo: Obj(PO) - B(ObjType$PO)) assigning to each object (agent) its set of types
(properties).

Figure3 displays the componentwise pushout construction in SE&.urtiqueness of the ar-
rows dompo, codonmpo, and the mapto is a consequence of the fact thatand G are MAS
Morphisms i.e. the left and back faces of the two upper cubes@nmmutative squares and that
the horizontal squares are pushouts in SET.

Consider the situation for the mapo: ArrTypegPO) is the pushout object for the arrow
types, it holds:F,; o Gat = Gt o Fat. As a consequence,r o Gar o 1§ = G o Fat o 75. Recall
that for theMAS morphisms F and G it holdSat o 7§ = 1150 FA andGat o 75 = Tk 0 Ga. This im-
plies(FaroTk ) oGa = (Gur o Th) oFa. Since the squar@j o Fa = F o Ga is a pushout square, due
to the universal property of pushouts it follows that therexactly one mapepo : Arr(PO) —
ArrTypegPO).

To proof the uniqueness of the magsmpo andcodonmpo we argue analogously.

The last step is to compute the mag, such thaF’ andG’ areMAS morphisms. Recall, for
F’andG’ the following property has to holdyA € Obj(K) : Fy o Tk (Ax) < Tro© F5(A«) and
VA€ Obj(J): G{BO TJ(Aj) C Tpoo G’O(Aj).

We define the map in the following way. To each objégh in Obj(PO) we settpo(Apo) =
Fpo T (FS({Apo})) U Gy o 13(G5({Apo})). Via Tpo We assign to each objest,, the union
of the "translated” object type sets of its preimaggs'({Apo}) andG5* ({Apo}).

Note that for every objectpp € Obj(PO) there exits a nonempty preimage setihj(J) or
in Obj(K), due to the fact thaDb j(PO) is the pushout of the map%), Go.

Thustpo is a well defined map an@’ andF’ areMAS morphisms.
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Gar

ArrTypegl) ArrTypegK)

Fat Far
i / Tk

ArrTypegJ) G ArrTypegPO)
A

U] e}
Arr(l) i Arr(K)
Arr(J) Arr('PO)
dom codom donk codonk

Obj(1) ———= Obj(K)

Fo R e
domy cod donpo : : codompo
i Y VY

Obj(J) ° Obj(PO)

T

K

P(ObTypegl)) = 1(ObjTypesk))

[N} PO [/
FV : FV
G, v

P(ObjTyped)) — F(ObType¢PO))
Figure 3: Componentwise Pushout Visualization

4.3 MAS Transformations

In this part we formalize what we mean by a transformatiortesgsand derivation steps for
Multiagent Systems. A transformation system is defined byrcept introduced by Ehrig,
Pfender, and SchneideEPS73 the so called double pushout (DPO) approach, which is a far
developed concept in the field of algebraic graph transfooms [EEPT0§ and was generalized
to adhesive HLR categories which are a suitable categdraaework for graph transformation
in a more general sense. Since Category Theory is our commnifying linguistic formal bases
there is a natural way to apply these approaches and methans MAS modeling problem
areas. We give a MAS semantic to the DPO approach. In the begugive a brief sketch of the
concepts production, derivability, DPO, and pushout cemgnt (c.f. EEPTO0G).

In the sequel we restrict the classMiAS morphisms in the productions to typed embeddings.

Definition 8 A functor F : X — Y is called an embedding provided that F is injective on mor-

hom-set restriction§ : Morx (A,B) — Mory (F(A),F(B)). [AHS9(

We define a typed embedding straightforward as a typed futizéd acts injectively on mor-
phisms, injectively on arrow types and injectively on objigpes.

Definition 9 In MAS aMAS -productionp = (p', p") is defined as a pair dfIAS morphisms
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with common domain. Givens[AS -productionp, aMAS objectMAS and aMAS morphism
m: codon(p') -~ MAS, called match, defines a direct transformation step assistio

A Object MAS is called direct derivable from an objeltAS in MAS , MAS = MAS, iff
there exists &IAS -productionp= (p' : MAS — L, p' : MAS — R) and a context ObjedflAS
with corresponding MAS-Morphisrg: MAS -~ MAS", such thaMAS andMAS are pushout

objects in the following diagram.
|

P mag —> R

|k

MAS <—— MAS = MAS

Remark8 This diagram illustrates a Double Pushout, for more detaésrefer to the book
[EEPTO4.

MAS is called derivable fronMAS if there exists a sequenddAS, MAS, ..., MAS, such
thatMAS = MAS A(V1<i<n) (MAS.1 = MAS) AMAS, = MAS.

Given objectd,MAS ,Rand a context obje®!AS" and the associated morphisms, the pushout
objectsMAS andMAS exist. But the usual situation is the following: We have adorction
p=(p',p") and a morphisim: L -~ MAS called match. The task is to find a so called pushout
complemenfC and two morphisms, p~' such that the square
pI

L MAS
ml lg
MAd <7 PC

is a pushout square. Considerations concerning existamteaigiqueness of such pushout
complements iMAS will be content of future work. For now we point out that thespaut
complements that arise in the following examples exist.

For MAS the semantic of the mateh: L — MAS is that we search for an occurrence of the
relational structure of L in the systeMAS. The match checks if the preconditions required by
the left hand side of the production p are fulfilledVtAS, if this is the case the production can
be applied, otherwise not.

4.4 Application of MAS Transformations

We present an example of a transformation system for MASAL:e{a,b,c,d,e} be the set of
agents. The task is to assemble a workpiece which consisigsarts (one of typ& and and
one of typeY). There are three object typ€b jTypes- {1, 2,3} describing the properties of the
agents, 1 stands for: the corresponding agent can performssambly action, 2 stands for: the
corresponding agent has a gripper and can deliver parts stach@s for: the corresponding agent
is not attached to a task. (Note that it is possible that antaggs all or none of the properties
1,2,3). Three agents will cooperate, two of object type Dbiireg parts of typeX andY and
positioning them on the worktable of an agent of type 1 whisbembles the parts. Note that
despite of these three acting agents there can be othesagansimply pass messages from one
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agent to another.
Next we define the relevant relations that represent theezatipn and communication infor-
mation of our example.

4.4.1 Definition of the Relevant Relations

We define:

« A symmetric communication relatio ¢ Ax A: Two agentsa,b are in relationC if ais
able to communicate withi.e. aCb (it follows bCadue to the symmetry df)

» ArelationDx: two agentsa, b are in relatiorDx, i.e. (a,b) € Dx if a delivers a part of type
Xtob

 ArelationDy: two agentsa, b are in relatiorDy, i.e. (a,b) € Dy if a delivers a part of type
Ytob

» ArelationW c AxA: (a,a) e W if ais assembling the parts.

In the sequel the arrows from Figueare used to display the relational structure, for the conve-
nience of the reader the different arrows indicate the ifiemorphism types (instead of indices
at the tip of the arrows).

. arrows visualizing paths for W
...... . arrows visualizing paths for Dx
.............. . arrows visualizing paths for Dy
__ . arrows visualizing paths for C

Figure 4: Arrow Types

4.4.2 Definition of Productions

Next we define the productions which describe actions tagetith their application conditions.
These productions implement the changes that take pladeeiMAS. For the convenience of
the reader the types of the objects are indicated by indictsembjects.

Remark9 In the given example the productions are applied from leftight. Obviously a
production is symmetric i.e. given a suitable match m defifiech the righthand side of the
production to aMIAS object gives a valid transformation step, too.

In the sequel we give a visualization of the five productioseduto describe the systems
dynamics.

* pc (production communication) is the production that modiftes communication rela-
tion, if two agents "meet” the production is applied (fronft o right) such that after the
derivation step the two agents can communicate.
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pcl pcr a
- — $
b

productionpc= (pcl, pcr)

e pdX (production deliver part of typ&X) is applied if two agents having property 2 and 3
can communicate with an agent that has property 1, afterehgation step one of the

agents delivers a piece of typeto the assembly agent.

a1 pdXI| a pdXr J a1
N AN | N
b3 Co3 b o3 b2 ¢35

productionpdX = (pdXI, pdXr)

» pdY (production deliver part of typ¥) is applied if two agents having property 2 can
communicate with an agent that has property 1 and one of én@s¢ already delivering
a piece of typeX and the other agent is able to perform a task(indicated byrbperty
3), after the derivation step one of the agents delivers @epié typeY to the assembling

agent.

productionpdY = (pdY |, pdYr)

« pba(production begin assembling) is applied if two agents \pitbperty 2 can commu-
nicate with an agent that has property 1 and parts of ¥@ndY are delivered to the
assembling agent which has the additional property 3, Hfeederivation step the assem-
bly agent received the parts and starts to assembly them.

productionpba= ( pbal, pbar)
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« pea(production end assembling) is applied when an agent stgesrebling. This means
the task is finished.

peal a pear ap 3

/\ - /\ /\
07

productionpea= ( peal, pear)

4.4.3 Application of Productions

Figure 5 shows the application of productigmd X to a givenMAS object, the diagram shows
a double pushout situation. We search for three agents dmat@mmunicate with each other,
one of them §) can perform the assembly task (1) the oth&)s (€) have to be able to perform
the delivery task (2), and both of them are free to act, or ateassigned to another task yet
(3). Such a situation is given in the downleft object of thagidam, this means we can apply
the production. Observe that the communication am@ew b in the production is mapped to the
sequence of arrows < e« b. After the transformation step agdmtelivers part X to agerd
and is assigned to a tasilpst property 3).

There are in general more possibilities for a productiong@pplied to a givetMIAS object.
In some situations there will exist more than one suitabléchahereas in others there might
exist no suitable match at all. Future research will try ttedmine criteria on how to choose
the "best” or most suitable match to address the needs offiareat transformation system for
Multiagent Systems.

Figure 5: Application of production pdX to a given MAS.
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4.4.4 System Run

Figure 6 shows a sequence ®AS -transformations, with initiaMAS object SO, that fulfills
the assembly task. The productions are applied togetharsuitable matches.

Figure 6: A sequence of transformation steps

The production pc is applied twice, first with mateh, the object part of the morphismy is
[mp(a) =aandmy(b) = €], and next with matcin, the object part of the morphism|iey(a) =a
andmy(b) =c].

Now the application condition fopdX is fulfilled and pdX is applied to S1 with a suitable
matchmy resulting in S2. In the sequedY, pbaandpeaare applied in the obvious way together
with suitable matches. In S5 we reach the end of the task, kpieme has been assembled. We
observe that productiopd X can again be applied to S5, this would restart the assembbeps.
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5 Implementation

In the working group two new tools concerning MAS Transfotiores are designed and pro-
grammed. The first one "MASTRANSF” is based on category themd is implemented as a
module that provides support for set like categories anddbegoryMAS . It supports construc-
tion of pullbacks, pushouts, equalizers, coequalizemglyets, coproducts, among others. As a
next step the construction of pushout complements will j@emented.

Due to its fundamental importance the category SET was imgteed with the associated
set theoretic notions (e.g. equivalence relations, imggerator and inverse image operator).
Implementation of new results, such as the notion of a qugsiotiuct complementJob0§ as
a basis for pushout complement constructions, and modalitigfibered structures for local
global modeling, is part of ongoing work, among others. A Gd&Junder developement that
allows the fast input of Base Diagrams, as well as morphisetsden them. It will be possible
to define a set dMIAS productions and apply them to the Base Diagrams. This sesul rule
based controller for Multiagent Systems.

5.1 Classes

The implementation is organized around 3 abstract classes:
» Category - With objects, morphisms, a composition openatind a name.
* Object - Has on the abstract level only a name.
* Morphism - Has a codomain, a domain and a name.
General results can be implemented in abstract classesréhextended from the above ones.
See for example the next section dealing with the canonmadtcuction of pushouts.

Additionally, there are classes for special limit and cdliobjects and their associated mor-
phisms, e.g. a class Product, that has two Morphisms thegtimjs and one object the product
object. SET andMAS implement the abstract class CategoryWithCoproductsAedGalizers.
This is due to the fact that the main focus of the implemeorais on Pushouts. Generally, the
implementation of limit and colimit constructions MAS follows the constructive proofs that
category theory provides (see e.g. the proofsSalf0§). For an early general treatment using
ML implementations we refer tayB8§|.

Remarkl0 Further work will be necessary to define fitting inheritancbesnes. For example
abstract classes for finitely cocomplete and complete odatey skeletal categories, etc.. But as
mentioned, the focus of this paper is not on a general impi¢aien of category theory, but on
the implementation of the categorical notions and reshéisdre applicable within the Category
MAS .

5.2 Implementation of Pushout Construction

The construction of pushouts is implemented within an abstrlass (CategoryWithCoproduct-
sAndCoEqualizers) which extends the class Category.

Given the existence of Coproducts and Coequalizers there ieed for an implementation
of the pushout construction within the specific categoryalise this can be done abstractly.
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See the following Java code:

public Pushout createPushout(Morphism f, Morphism §)
Pushout pushout = new Pushout ();
Coproduct coproduct = new Coproduct ();
coproduct = createCoproduct(g.codomain, f.codomain);

Coequalizer coequalizer = new Coequalizer ();
coequalizer = createCoequalizer (compose(coproduct gi{,,
compose (coproduct .i2, f));

pushout.morA = compose(coequalizer .mor, coproduct.il);
pushout.morB = compose(coequalizer .mor, coproduct.i2);
pushout. pushoutObject = coequalizer.coequalizerObject
return pushout;

5.3 Pushout Construction withinMAS

The categoryMAS extends the Class CategoryWithCoproductsAndCoequaliZée screen-
shots (Figure§ and8) show a pushout construction.

Graph: Canonical Pushout Construction

CoEgualizer

Figure 7: Pushout Construction, Objects and Morphisms

Given 3MAS -objectsA, B, C and twoMAS -morphismsf : A— B, g: A— C, we construct
the coproduct oB andC, this results in théM[AS -objectB+C and two injections, : B— B+C
andi, :C - B+C. The next step is to coequalize along the morphigmg andizog. The result
is theMAS -object named "CoEqualizer” which is the pushoutfandg.

The second tool under construction is a 3D robot simulatar ihalso implemented in Java
with the aim to visualize the processes realistically. Ashaee seen above cooperating robots
can be intuitively interpreted as a MAS. It is intended totcolrthe robots via "MASTRANSF”.
The simulator works as a demonstrator, where on one sidelisésrmovements and on the other
side the changes in the Base Diagram of the MAS are disple§ee Figure, where the upper
part of the figure shows the base diagrams, the lower partidepie three cooperating robots.
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B3 Mas: c+B

(1,0 _ayi1, 1)
e

100, 13,0, 2000, 3]

(1 id_eh(1, 1)

(.60, 23,01, 3)]

(2id_ayliz,1)

2800210230 (2id_miez.0

(232 ,2),(2,3)]

(2 id_oh[(2,13

2,eh[2,2),2.3)]

MAS: CoEqualizer

10010
1,id_ajl(1, 13

A2 L 23,02, 2L 3,02, 30]
(2,id_dy|i1,1)

(2,301, 20,02 0, [01, 30,02, 3]

.02, (2 1132 30

Figure 8: Pushout Contstruction, Base Diagrams

Figure 9: Sequence of Transformation Steps
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6 Conclusion and Future work

The concept oMAS transformations, which is an adaption of graph transfoionat[EEPTO0§

to typed categories, is a natural way to describe changdseiBase Diagram of Multiagent
Systems. Due to the categorical modeling the proposed apipris independent of the imple-
mentation of the agents (agents are analyzed via theimatteroperties). This allows to analyze
MAS on the basis of their cooperation and communicationcsires, which represent signifi-
cant information. We can define actions and their correspgndreconditions in a MAS by
productions iNMIAS . Now we can ask the question: Which transformation steps tea de-
sired result? For example: Which transformation steps tateke place that the resulting Base
Diagram of the MAS has a limit or colimit object for one or méypes? This can be interpreted
as a universal communicator, mediator, or steering ag&a0f.

Another aspect of future work will be the investigation dfeirdependencies between object
types and arrow types. In some cases MAS there clearly are interdependencies between the
properties of agents and the relations (arrows) betweeagésts.

Another part of work in MAS modeling concerns logical modgliaspects. It turned out that
logical fiberings Pfa9] provide a concept to assign a system of distributed logigsMAS in a
natural way. The basic idea is to assign a logical fiber toyesgent, this fiber models the local
logical state space of an agent, the entire logical fiber leuiodms the global logical state space
of the whole MAS. For more details we refer 8ff04. This motivates the introduction of a
'Relational Fibering’ with the aim to model local global @mtictions in the relational structure
of a MAS. We assign a relational fiber to every agent, the fibedeis the relational information
attached to the agent. A first application of this approad¢h mpute subcategories of a MAS
on demand, by taking the collection of the fibers over a defsstaf agents as a starting point.

The notion of Activity Networks, as used in operations resieacan be deployed for modeling
certain constraints in communication flow in Base Diagrams.

A further aspect of intended future work concerns constvaqgtrinciples from Category The-
ory like limit and co-lomit constructions that can be degdye.g. to extend a given MAS (using
the Base Diagram) by a kind of universal communicator (cioatdr) agent. Simple scenarios
of cooperating robot agents provided first motivating exiasf*experiments”) and first steps.
[Pfa0q.

We thank the referees for some helpful remarks.
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