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Abstract: We define computation on grids as the composition, through pushout
constructions, of control flows, carried across adjacency relations between grid cells,
with formulas updating the value of some attribute. The approach is based on the
identification of a subcategory of attributed typed graphs suitable to the definition of
pushouts on grids, and is illustrated in the context of the Cyberfilm visual language.

Keywords: Grids, Control flow rules, DPO

1 Introduction

Graphs have been long proposed as a universal formalism for describing the structure of sys-
tem configurations and to support computational specifications of the transformations they may
undergo. Moving from this common ground, the areas of graph transformations and graph algo-
rithms have taken two divergent, possibly complementary paths.

On the one hand, graph transformations propose a declarative approach to computation based
on the iteration of local modifications to the graph structure, so as to define a language of admis-
sible graph configurations, each depicting a possible state of the system being modelled.

On the other hand, algorithms on graphs exploit procedural definitions of visits to the graph
structure, usually to extract some global property of it. In many cases, graph transformations
— typically performed by enriching the graph with additional features such as t@éR9q,
attributes MW93, HKT02, dBE"07] or control structures on rule applicatiol{99, SWZ99
BKPTOQ — are capable of replicating many relevant features of the algorithmic approach.

However, the general approach to graph transformations — based on the search for a subgraph
isomorphism between the antecedent of a rule and the host graph under scrutiny — is not optimal
for spatially organized structures, such as grids (in any humber of dimensions), trees, or pyra-
mids [YM02, WMYMO08], as the inherent non-determinism of the matching process fails to take
advantage of the existence of privileged relations among elements, and of orders for their visit.

We propose to reconcile the use of graph transformation as a general computational framework
with the existence of some spatial structure on the host graph. To this end, we combine a suite of
meta-models for diagrammatic languages — defining the possible spatial relations among identi-
fiable elementsgG04], their transformation semanticBILG07], and the relations between the
two [dGBO07 — with a form of algebraic composition of rules in the framework of the Double
Pushout Approach to graph rewriting.

The proposal is applied to theyberfilmvisual environment, which provides the user with
iconic representations of computational flows on spatial structures. These representations are

2

Work done while the first author was working in Aizu University as adjunct professor.

1/15 Volume 10 (2008)


mailto:bottoni@di.uniroma1.it
mailto:(nikmir,yutaka,rentaro)@u-aizu.ac.jp

Composing rules on grids Eﬁ

arranged as sequences of frames highlighting the set of nodes which at each step contribute
to the production of a new resuf[MYMO08]. In a separate view, the formulas defining the
computations can be defined, thus allowing their reuse according to different control flows. In
particular, we focus on bidimensional grids on which several control flows can be defined, and
use a categorical construction to provide a formal treatment of the composition of control flow
and computational formulas.

In the rest of the paper, after related workSection 2 we provide background on graph
transformations and the adopted metamodef&siation 3 Section 4introduces the categories on
grids needed to define control flow rulesSection 5 Finally, Section 6shows how to compose
formulas and control flows, before drawing conclusionSattion 7

2 Related Work

Spatial structures, such as those defined by grids or trees, have been the subject of many studies
from the algorithmic point of view, in particular as regards the identification of paths with partic-
ular properties over themifS87. From the algebraic point of view, trees have been studied as
representations of computational structures, such as téiR@q or abstract syntaxe$/[0s94,

whereas images, rather than grids, have been studied in relation to the sets of languages definable
on them [GR97. The translation morphism discussed in this paper may be seen as an analogous
of the "positional overlapping” operation for imagds [07].

The technique for composing control flows and formulas differs from the notion of (local)
application of rules to rules inFar94, based on finding a match from a rule component to a
component of another rule, as well as from thaadtfion patternin [BLGO7], where a pattern is
matched to the right-hand side of a rule to produce a rule whose effects conform to the pattern.
A construction analogous to the one here isTiB94], exploiting common subrules to identify
possible agreements on a host graph and construct amalgamated versions of the rules. Although
we can also use this notion to find agreements between rule application, we are mainly interested
here in the construction of new rules from rules defined on different graph types.

Finally, we point out a similarity with notions of modularity and ViewpoinBgMT0Q, pro-
posed as a way to modeling a system through the integration of partial models. However, we
combine different aspects of the behaviour of the system into an integrated specification, rather
than considering behavioral and structural aspects together. The approach to coordination pro-
posed in AFGKO0Z] is also based on pushouts (actually colimits), to allow separation of concerns
when defining different aspects of a program behaviour.

3 Background: Metamodels and Graph Transformations

According to the metamodel for diagrammatic languages presentB&itv], and shown irig-

ure 1, adiagramis composed oidentifiable elementamong which significangpatial relations

exist. A whole diagram is itself an identifiable element, with global properties. An identifiable
element is a recognizable unit in the language, associated with a graphical representation defined
by acomplex graphic elememtomposed in turn of one or mogeaphic elementseach possess-

ing someattach zonerepresenting the geometrical support for spatial relations. The existence of
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Figure 1: The overall metamodel for diagrammatic languages.

a relation is assessed via a predidatgtached() implemented by each zone. Symmetries
may exist between spatial relations. Two relationandp are tied by a symmetry if there is a
size-preserving diagram transformation changing all instancesrab instances o6.
Specializations of these abstract types define language families. For example, in connection-
based languages, &ntity acts as an endrole f@onnection elements, while the signif-
icant relation isTouches , determined by the coincidence ofdat at the end of a connection
with a point on theborder of an entity. In this paper we are interested in languages based on
Adjacency , which indicates a class of relations betwdggll s of regular shape tessellating
the plan, and whoskordersoverlap for a finite segment. According to the type of tessellation,
cells may entertain various adjacency relations, typically possessing symmetric companions,
such asirLeft andRight adjacency for regular arrangements of rectangles.
Based on this metamodel, we can represent diagrams as attributed typed graphs, where nodes
are elements of classes in the metamodel and edges are instances of the associations.
Formally, atype graphis a construcl G = (Nr,Er,s',tT) with Ny andEr sets of node and
edge typess': Et — Ny andt’ : Et — Ny define thesourceandtarget node types for each
edge type. A typed graph onGis a graphG = (N, E,s,t) with a graph morphisntype: G —
TG composed otypey: N — Ny andtype:: E — Er, s.t. typey(s(e)) = s' (type:(e)) and
typey(t(e)) = tT (typez(e)). Type graphs with node inheritance exploit a pa®l = (TG, 1),
wherel = (N}, E ,s',t') is a node inheritance graph, with = Ny, i.e. | has the same nodes as
TG, but its edges are the inheritance relations. The inheritalaeof a noden is the set of all
its children nodes (including itself): clan(n) = {n" € N;|3 pathn’ —*nin 1} CN;.
Typed attributed graphs are typed graphs with additidatdnodes anattribute edgeg¢nodes
of G are now calledbject nodel A type graphl G has a sef of data type nodeand a sef of
attribute type edgeglenoting the domains of the attribute nodes and the set of attributes associ-
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ated with nodes, together with functioag: Nt — Z2(A), defining the attributes for a given type,
andta: A— A, defining the admissible domain for each attribute. These elements défipe a
graph with attributes T . A typed attributed graph ohGa is a constructT G, G, Na, Ea, Sa, ta),
whereT G andG are as beford\, is the set of data nodes, coinciding with the disjoint union of
the domains of attributes, ari}, is the set ofattribute edgesfrom object nodes to data nodes.
Edges are typed oA and associate object nodes with the values of its attribigesEa — N
andta: Ea — Na define the valuation of attributes for a given node, coherently witandza.
We represent data nodes as typed items and distinguish them from object nodes through a dotted
contour, following the convention proposed in Example 8.5 P T04.

Attributed typed graphs form the adhesive HLR categb804 AGraph atc, SO that transfor-
mations can be expressed through Double Pushout (DPO) derivaiBRI P4, in which rules
are spant — K — RandK defines the part which is left unchanged by the rule application. We
also exploit application conditions, as showrSiaction 4

4 Categories on Grids

Rectangular grids are regular arrangements of cells according to symmetrical pedirsicxl
andhorizontaladjacency relations, withrow rows andncol columns, conforming to the family

of adjacency-based diagrammatic languages depictédhime 2 Hence, nodes are instances

of Cell , with a position given by theirow andcol attributes and boolean values to distinguish
border cells. Adjacency relations can be of four types, with the obvious constraints on their
pairing. Moreover, there exists a set of additional constraints stating that a grid has to form
a rectangle (i.e. its top and bottom borders must have the same number of elements, as must
its left and right borders), and all border elements are adjacent to three other cells except the
four corner elements, adjacent to two. Mirror and rotation symmetries exists between pairs of

adjacency relations.
2
LeftAdjacency 5 2

HorSymm
te 11 versel'Verse
cal RightAdjacency 2 2
Grid isTop:Boolean 2.4]asTgt 2 S RotSymm
isBottorn: Boolean Ad EC@_ rot:int
nrow [N isLeft:Boolean ! ¥ 15 2
ncols isRight:Boolean 2. 4|asSrc 2
'E”D"“’I'r:‘ UpAdjacency |5 2
] Versymm
fram
verse'Werse

DowmAdjacency 2
2

Figure 2: The family of bidimensional grids.

Grids thus give rise to a subcateg@@rid 1 of AGraph arg, whose morphisms are composed
of a structural part, involving nodes of typ€ell andAdjacency , and adatapart involving
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attributes. The structural part ugesnslationsas morphisms. A translation exists from a géd

to a gridG; if Gy is such that an isomorphism exists fr@ba to a subset of its cells, preserving

its connectivity and the relative directions. A translation is uniquely determined by the position
of the image of the upper left corner (or any other cell) of the original grid in the context of the
target grid.Figure 3shows the composition of two translations, where the highlighted rectangles
show the new positions of the original grid. We assume that translations occur only rightwards
and downwards. The paifs,c) labeling the morphisms indicate the offsets at which the nodes
of the original grid are found in the new grid. The size@fis at least equal to that @;. The
identity morphism is the translatidi®,0) from a grid into itself, and morphism composition is
the vectorial sum of the translations. We now study the subcatddaiig 1, obtained by taking

the structural part ofAGrid 1, i.e. maintaining the type information, but forgetting attributes.

‘Right H Cell H Right

|

H el || ight

Right |

Right |—] catl —{ Rioni

|

Right l——' Cell H Right

Figure 3: Translation morphism and composition.

In TGrid 1, a pushoutG; Ppl G, for a spanGy Lgh G, between two grids can be
constructed in the same way as the pusho@raph if and only if one of the following is true:

(1) eitherty ort; is an identity;

(2a)ty has a label of the fornr1,0) andG;.ncol == G.ncol AND

(2b)ty has a label of the fornf0, c;) andGy.nrow == G.nrow

(3a)t; has a label of the forn0, c;) andG;.nrow == G.nrow AND

(3b)t2 has a label of the fornrz,0) andG,.ncol == G.ncol.

Then, P has size{max G1.nrow, G2.nrow), max Gl.ncol,G2.ncol)); morphismsp;: G —
P and p2: Go — P are labeled bymaxri,ra) —ri, maxcs,cz) —c1), and (maxri,ra) — ra,
maxcy,Cy) — C2), respectively, so that parallel arrows have the same labelHiseee 4. The
pushout complemer 8¢ X @, for the compositiorG LR G LA G/, whereG is an object of
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size(r,c), Gy of size(ry,c1) andG’ of size(r’,c’), uniquely exists only it; andt; satisfy the
constraints above, and has s{Zz€ —r1) +r, (¢’ — ¢1) +¢), with x; andx, labeled a$; andt;.

[ cet [ Rignt [ el | [ et | rignt 1 cail H rignt | cail|
\ \
ﬂ’ | Down ‘ | Diowin |
\ \
[ cel H rignt - cen ] [ cel | rignt [+ zen - Right - cell |
J 1.0} J 1,0
[-cel F rignt Call | [.cet - mignt | cat - Right - can |

| Cel H :right — Cal | o [ cel | rignt - Cel H rignt H Cel |

g

[ et - rignt | cen ] [ cell | rignt - cell H Right - il |

Figure 4: The pushout construction for grids

We can now definstructural DPO rules inTGrid 1 in accordance to the construction above.
In particular, in order to satisfy the the dangling condition, rules are non-deletind_(ike.K
is an identity). The gluing condition, K — R is not an identity, requires border cells ofto
be matched to border cells of the host gddThe pushout complement objdatis now always
equal toG. Hence, grids can be generated so that the constraints on their rectangular form are
maintained through the pushout construction, without having to adopt regulatory mechanisms
for rewriting, such as those needed for the so-called Indian grammars: ars@izwintalrules
is there first used to create the upper row, and theatical rules are applied in parallel to pop-
ulate the columnsgK74. The pushout construction can now be lifted in order to consider also
attributes. In particular, as typical of attributed graph rewriting, data morphisms are identities
(no domain element can be created or deleted). Hence, the effect of a rule can only be the addi-
tion of structural nodes and edges and the deletion and creation of attribute edges. Application
conditions can be used to describe the relations between values. All gidarid + can now
be generated by the iterated use of the two ruldsdgnire 5andFigure § in which identifiers of
Adjacency nodes indicate their directions and an application condition defines the coordinates
of the new cell.

In both cases, we show the classical representation of DPO rules at the top of the figure, and
use, at its bottom, a compact notation, already exploitedi@®B07: the difference between
K, L, andR is shown by highlighting the deleted and produced parts with different colours and
marking them with taggdel } and{new}. The elements outside the tagged areas are those
belonging to th&k component. Note that, differently frontEPTO0§, we explicitly showK as
presenting isolated data nodes, which are connected to different object nadasdR.
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Figure 5: The rule for letting a grid grow horizontally.

5 Control Flow Rules

Figure 7presents the metamodel triples describing the correspondences induced by assigning to
the adjacency relation in the visual representation the semantic meaniogrois, along which

either data or modifications in treectivation statecan travel from and tactive elementsThe

left upper part of-igure 7constitutes the static semantics for the control flow variety on spatial
structures, while the right upper part models the data variety, here simplified by considering a
simple integer-valued attribute, calléevel . By applying the construction irdGB07 one

can incrementally define the flow structure through triple graph rules which introduce carriers in
correspondence with the installation of adjacency relations in specified directions. Hence, one
can model thgpermeabilityof the cell wall to control or data flow. As an example, flows could
travel rightwards and leftwards, but not downwards and upwards.

A control flow (cf) rule is a DPO rule inAGraph arg with graphs conforming to the left
upper part ofFigure 7 so thatA contains the attributstatewith values in some finite domain
ActivationStates A.

In general, as shown in the rule (in compact form) on the lefigfire &, the activation state
may vary during transportation, e.g. a flow can decrease its intensity. The element reached by the
flow could have possessed some other activation value and the one from which the flow originated
may gain a new one, as defined by application conditions. The basic rule on the rigitics 8
deals with the case of cells entering active state as the control flow reaches them traveling
the grid rightwards from the origin to the destination, while the origin entesi@escenstate.

3 Abbreviations are used for names of values and types.
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Figure 6: The rule for letting a grid grow vertically.

The carrier identifier indicates the value of R&ection  attribute. Similar rules are defined

for other directions, exploiting rotational and mirror symmetridstules are composed to form

more complex ones using a componentwise pushout constructid@riaph atg, as shown in

Figure 9 whereL «+— K — Ris the maximal intersection df; — K; — Ry andL, «+ Ky — Ry,

all the squares commute and those with curved arrows are pushouts. As an example, directional
rules compose through a rule on a single cell passing fronathige to the quiescentstate.

Figure 10illustrates the case of the two horizontal movements, whitgire 11that of one
directional and one vertical movement.

ControlActiveElement |t | ControlCarrier DataActiveElement to DataCarrier

state:ActivationState dir:Direction leval:int dir:Direction

¢y

—
Cell Al Adjacency F— - Adjacency
f to

Figure 7: The metamodel triples for control and data flows on grids.
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Figure 8: A generic rule for transmission of control flows and a basic rule.

L<' K=/ >R L <K s Ry

L, R

L—K—FR L'<=—K —=FR

Figure 9: The construction for rule composition.

6 Composing Control Flow and Computation Formulas

We now introducedatarules to specify the transformation of some attribute according to some
formula. These are defined on the type graph in the right upper pé&iyofe 7 Data andcf-

rules are composed, again with a pushout construction, to produce rules which both apply the
formula and propagate the flow, when an active element is reached by the control flow.

The rule inFigure 12doubles the value dével . X andY are variables to indicate generic
instances of an integer. The rules involved in their combination operate on four different types
of graphs. The intersection is defined in a type graph whetészeElement  abstracts on
ControlActiveElement andDataActiveElement and has no attribute, while the pushout
object complies with a type graph formed by taking the quotient of the disjoint union of the two
type systems fronfrigure 7and identifying the activity types infullActiveElement type

newl T el A act ActSt .
. o ! fi

Figure 10: The construction of the rule propagating control flow horizontally in both verses.
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Figure 11: The construction of a bidirectional rule.

(abbreviated ifFActV). Node morphisms go from less to more specific types.

=23

| Xint S 1:DActv [-r= ] int |

Figure 12: A rule expressing a computational formula.

In Figure 13 the bidirectional rule oFigure 11is composed with the formula éfigure 12 so
that the latter is now evaluated only when the activation front leaves an element in both directions.
Using different mappings from the intersection to tiferule, the formula would be evaluated
when the control flow reaches an element from a specific direction. The resulting rule does
not specify theevel values for the other elements. Rules can be applied sequentially or, if
they do not conflict on their result, combined to form amalgamated rules to achieve an effect of
parallelism [[B94]. As an example, the rule dfigure 13agrees with itself on any node whose
upper and left neighbours are both mapped, by two distinct matches, to the cell identified by
1. Rules can be enriched with parameters and applied via rule expressions to realize complex
computationsBKPTO(.

6.1 Types of activation inCyberfilm

The Cyberfilmlanguage YM02, WMYMO08] provides a collection of predefined control flows,
associated with program templates defining the loops realizing them, and with sequences of
iconic schemes for an intuitive visualization of the main steps in the execution @gherfilm
allows the separated definition of computational formulae and control flow specifications. Hence,
the constructions above can be exploited to provide a compositional mechanism for it.

In particular, in the Cyberfilm framework, control flow is defined by the transformation of the
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Figure 13: The resulting rule specifying the condition of application.

flashing statef a node Different types of flashing are defined: for exanfpléflashingindicates

that the node is able to perform reading and writing operatioastour flashingndicates that

the node is referenced by other flashing nodes which can perform reading operations, but not
change its valuehalf flashingindicates the activity state of an observer which can change the
state of other nodes in a global fashion. Other types of flashing are defined, but in this paper we
restrict ourselves to the flow of the full and contour flashing, thus interpreting full flashing as
an indication that the formula associated with the node can be evaluated to assign a new value
to the node, and contour flashing, as the fact that the value of the node is available for formula
evaluation by other nodes.

At any time, a cell is in only one possible state. The control flows offtileand contour
flashing can be independent or coordinated. Independent flows can be specified as described in
Section 5 whereas coordinated flows require the identification of the conditions under which a
cell is able to receive the contributions of other cells.

Figure 14shows the composition of a coordinatefdrule, for rightward transmission of both
full andcontourflows, with a formula rule where an element reads the value of its down neigh-
bour (without changing it), to compute its new level. The upward adjacency relation is mapped,
in the formula rule, to alata carrier (DC) element, as control and data may flow in different
directions, i.e. cells can have differgrgrmeabilityto data and control flows.

11/15 Volume 10 (2008)



Composing rules on grids Eﬁ

i state
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1:Actv (0,0
—_—
2:Acty
to
5:RtCC—> 7:CActv |
(0 0) {new}

State

Figure 14: The rule resulting from the coordination of movements of full and contour flashing.

In this case, thef-rule is bound to consider both tliell andcontourflows simultaneously.
The same effect could be achieved by considering the two flows independegtlye 15shows
the first step of the relative construction, in which the rightwards movement for the full flash-
ing is combined with the same formula to produce a rule which does not affect the state of the
ControlActiveElement identified by 2. InFigure 16 the obtained rule is composed with
that for rightward movement of contour flashing. While the final effect is the same, the interme-
diate step could be combined with other movement rules. Several such rules might be defined,
for example to propagate the flow across several cells, so that only some elements are activated.

7 Conclusions

We have proposed an approach, based on componentwise pushout of DPO rules in the category
of attributed typed graphs, to the specification of computations on grids. The approach allows
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Figure 15: Coordinating movement of the full flashing flow with the formul&imure 14

the independent definition of two types of rules, one to specify control flow and the other to
specify the actual computations. The construction is symmetrical in control and formula rules, so
that it can be flexibly applied starting from either specification. Symmetries between adjacency
relations can also be exploited to generate different versions of flows and formulas.

Future work will explore other types of spatial structures, typically trees and pyramids, to
define adequatef-rules, also considering the distinction between formula evaluation on control
flows reaching or leaving the involved cells, and develop ways of reasoning about the compati-
bility of independentf-rules (e.g. one for reading and one for writing).
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